Abstract-The main objective of the presented work is the development of an efficient method for the calculation of the inverse kinematic of anthropomorphic robotic hands. Our algorithms is able to treat all fingers as one set when generating a given grasp configuration or in-hand manipulation trajectories, resulting in a simultaneous solution for the wrist and the five fingertips. To reach this objective a reduced computation cost of the Extended Selectively Damped Least Squares method was developed. The high cost of the original method arises from computing the Singular Value Decomposition of the extended Jacobian matrix. To avoid this problem, we adopt a new estimation algorithm that computes only the relevant smallest singular values and corresponding vectors. Unlike the original damping least squares approach, our approach associates a specific damping factor for each estimated singular value and uses a Cholesky decomposition for the joint angles calculations. In addition to avoiding singularities, the proposed method supports joint limits avoidance and can be applied to any redundant robotic system. The computational aspects of different approaches are first discussed through the implementation on the one finger case. The obtained results are then extended to cover all degrees of freedom of the whole hand as a single multibody system. The approach is tested in simulation and experimentally on a real anthropomorphic robotic hand, where the inverse kinematics was used to grasp and turn a cylindrical object, a knob of a mixer.
I. INTRODUCTION
The inverse kinematics (IK) problem of robotic systems has been widely studied through the last four decades and many techniques have been proposed. In most cases the adopted solutions were implemented on simple serial manipulators but several solutions were developed for redundant manipulators. In the latter case, new research lines have been launched to exploit the redundancy to resolve other problems through additional tasks, such as singularities, joint limits or obstacles avoidance [1] . The application areas of IK have also been extended to treat mechanical systems with higher complexity in term of design and degrees of freedom (DOF). One of these complex mechanical systems is the multifingered robotic hand. Here, a robust and fast algorithm is required to accomplish real-time grasping and in-hand manipulation. The popular IK approaches are the numerical ones based on the Jacobian matrix, establishing a linear approximation between the endeffector (fingertip) pose and the instantaneous changes in joint angles. Several methodologies have been presented to compute or to approximate the Jacobian inverse. The transpose Jacobian is considered as one of the approximate methods where instead of pseudo-inverse Jacobian matrix, this approach uses the transpose [2] . From a computational point of view, this method is quite fast and does not exhibit any singularity through the movement. However, the main drawback is that the target position cannot be reached precisely and the system oscillates around it, whereas the obtained solutions using the pseudoinverse are smooth and closer to the target. On the other hand, this technique suffers from instability near singularities where the Jacobian matrix is not of full rank and large changes in joint angles can take place. In this case the Jacobian matrix must be regularized so that it becomes well-conditioned. In other words, the Jacobian matrix must be damped to prevent any big changes in joint angles. The successful method is to damp the joint angle velocity, as implemented in the Damped Least Squares (DLS) approach [3] - [8] . In this context, several solutions have been contributed proposing different ways to damp joint velocities by adding components or by eliminating the components which cause the problem. This last technique consists of truncating the small singular values [10] . However, eliminating some singular values has a negative effect on the accuracy of the IK. In this and similar approaches, using the SVD of the Jacobian matrix is required to understand the effect of each contribution on the inverse matrix. On the other hand, the DLS approach does not eliminate components but adds a corrective component to the small singular values, called a damping factor. The choice of this factor has been a focus of research to trade-off the convergence time against the stability near the singularities, and its value has been computed using different comparative criteria [4] , [5] , [9] and [11] . Some authors have chosen the value according to the condition number [12] , to the condition imposed on the allowable values of joint velocity, or through minimizing the tracking error between the exact and the damped solution [13] . This last work explains the effect of the damped factor on the results and how this factor can disturb the singular values exhibiting a good behavior. From this, a new procedure called 978-1-4799-2722-7/13/$31.00 c 2013 IEEE Numerical Filtering was proposed. It consists of applying more damping for only those singular values which have a small value. However, due to the necessity of SVD, these approaches suffer from a high computational cost. In order to overcome this problem, [13] adopted a recursive numerical algorithm yielding the estimation of only the smallest singular value and its corresponding output singular vector. An extended approach has been developed using the same estimation algorithm but based on the input singular value [5] . However, while these approaches damp the smallest singular value more than the others, there is always a component which is uniformly applied to all singular values. In order to eliminate this undesirable effect, Buss and Kim [8] proposed a new way of damping, which consists of applying different damping factors for each singular value. This method, called Selectively Damped Least Squares is the origin of method proposed in this paper. The SDLS can be seen as a generalization of the numerical filtering which treats each singular value independently. Based on SVD theory, the SDLS approach analyzes each joint angle generated along the input singular vector to not exceed the resulting amount of the target position along the corresponding output singular vector (see Fig. 1 ). Based on the SDLS approach, this paper provides two new contributions. The first is to reduce the computation cost of the SDLS approach by avoiding the whole SVD computation. The idea consists of estimating only those singular values which need to be damped in accordance with the SDLS approach [8] . This is done using a new developed estimation algorithm of the concerned singular values and their corresponding singular vectors. Here, the overall solution is computed using Cholesky decomposition, allowing, thus, an IK without Jacobian inverse computing. The second contribution consists of dealing with the IK of an anthropomorphic robotic hand having a high number of DOF in a tree kinematic structure. Here, the robotic hand is considered as one multibody system where all joints (of fingers and wrist) are involved simultaneously to reach the desired target positions of all fingertips. Taking advantage of redundancy characteristic of the hand, the original SDLS has been extended to deal with a secondary/additional task, allowing all joint angles to evolve as far as possible from the mechanical joint limits (ESDLS). In order to avoid affecting the main task, the secondary task must be projected into the null space of the main. In this context, different ways of defining the null-space have been suggested [1] [13] . This document is organized as follows. In Section II, the combined SDLS approach with Cholesky decomposition is described, where a new procedure for the calculation of the damping factor is presented. Section III introduces the new proposed estimation algorithm for all singular values and their corresponding singular vectors, while Section IV presents a set of the simulated results of the ESDLS applied to a desired posture of the index finger representing a singularity configuration. Next, the method is used on all fingers forming a single multibody system to perform a simulated grasping task. The approach is then applied experimentally on a real robotic hand, in an exercise to generate a grasping and manipulation II. SDLS USING CHOLESKY DECOMPOSITION PROCEDURE It is well-known that one the most effective strategies for a good control of manipulators in the neighborhood of singularity configurations is the damped least squares. This technique consists in applying a damping factor to clamp the joint velocities when they tend towards infinity. The solution satisfies the cost function in incremental motion given by:
where δx ∈ R m is the incremental task-space motion described by δx =ẋδt with δt is a small incremental time andẋ is the task-space velocity. The matrix J(m×n) is the Jacobian matrix. The n th -dimension joint angle velocity is denoted by δθ. Clearly, the solution of (1) can be formally written as:
For understanding the impact of the damping factor on the solution, the singular value decomposition of the Jacobian matrix is introduced:
While the selection of the damping value has been studied in several works, the method still has its limitations. The main drawback consists of the uniform application of the damping factor to all singular values. However, there are some singular values exhibiting good behaviors which should not be affected. The recent SDLS approach was developed to overcome this problem, where each singular value is treated separately of the rest, computing its own damping factor. Fig. 1 gives an idea of how the SDLS algorithm works. On the assumption that α i is the damping factor associated to the singular value σ i , the SDLS solution can be rewritten as
As mentioned in the introduction, this approach can be considered as a generation of numerical filtering of singular value [13] , where, instead of the inverse matrix computation, the solution is given using the Cholesky decomposition of the positive-definite matrix property. Based on this property, the SDLS solution can be obtained replacing (2) by
Note that when λ = 0, the solution of the above equation becomes identical to (4). The equation (5) can be solved by solving:
and computing y = J T δx (7) where the factors α i represent a sequence of coefficients generated by the SDLS algorithm which can be calculated in two phases [8] . In the first phase, this factor represents the amount of the cancelation of the maximum angle change in response to the component δx i throughout u i direction (see Fig. 1 ). Thus, if γ max is the maximum permissible change of each joint angle, then the new bound joint angle is given by
Mi γ max , where N i and M i are defined as in Fig. 1 
. The ratio
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Mi represents the required amount for the joint angles change in the direction δθ i to be close to the corresponding component of task-space δx i . In order to keep the joint angles change δθ i lower than the new maximum permissible change γ i , δθ i is clamped by
From the above discussion, and according to (5) , the selectively damping factor can be defined as
However, as previously mentioned, the main drawback of the SDLS method is the high computation cost, due especially to the singular value decomposition algorithm. Furthermore, it is noticed that the value of M is greater than N only for small singular values, which implies that there will be no cancelation, and it is not necessary to repeat the procedure for all singular values. In the following part, a new approach is presented to estimate all singular values and their corresponding singular vectors, including those considered smallest and used in our modified selectively damped least squares method.
III. A NEW ESTIMATION ALGORITHM FOR SINGULAR VALUE DECOMPOSITION
Estimations of the smallest and the two smallest singular values can be computed by the recursive algorithms presented in [13] [5] . The algorithms also estimate the corresponding input or output singular vectors. The objective of these works is to compute the damping factor. Then, according to [13] and assuming that m ≤ n an estimateû m of the last output singular vector u m is computed from:
The first modification of our proposed algorithm as described below consists in the cancelation of the damping factor. On the basis of this modification, the obtained estimation results would be closer to the real value.
Since JJ T is an Hermitian matrix, the estimate vectorû m can be computed using the Cholesky decomposition. The different steps describing this method are presented in the algorithm (1) . Here, the initial value ofû m0 is chosen to be the unit vector in direction m,û m0 = e m .
Algorithm 1 Estimate of smallest singular value and its corresponding singular vector
It is worth noting that in all previous works, this algorithm has been run once. A significant error has been noticed between the estimated and the real values. Therefore, for higher precision, this algorithm should be iterated more than once (k ≥ 1).
The choice of this parameter should be defined experimentally and its value depends on the size of the matrix which will be justified when all singular values will be estimated. The smallest singular value estimation can be also computed using the input singular vector estimation. The same computing philosophy as presented by algorithm (1) must be applied and changing the equation system (11) by
Obviously, if it is required to estimate the smallest singular value and both associated singular vectors, the two algorithms must be executed. However, in several cases, the estimated output and the input singular vectors take opposite signs which can affect the estimation accuracy considerably. In order to avoid this problem, the concept of our algorithm is to estimate the singular value using its output singular vector and from the obtained results, the input singular vector can be computed using the following relation
On the basis of this relation, we will make sure that the estimated input singular vector does not change the sign.
Furthermore, this procedure takes less operations than the estimation of both singular vectors. Next, we propose a new algorithm for the estimation of all singular values and their corresponding singular vectors. Chiaverini et.al. [5] proposed a series of steps to estimate the second smallest singular value by substraction the first estimated singular value expressed in the corresponding estimated basis vector. However, when using this process, the smallest singular value will be equal to zero, which is still the smallest singular value. Then, the application of the estimation algorithm leads to estimating a singular value equal to zero and not the second smallest singular value. To resolve this problem, the proposed idea consists in applying an addition instead of substraction, of an important value defined in corresponding estimated basis vector. The addition of this amount to the matrix allows to place this value at the first column with the condition that this amount should be greater than the maximum singular value. Hence, the second smallest singular value becomes the smallest one. It is known thatσ 1 ≥σ 2 ≥ . . . ≥σ m withσ 1 is the maximum singular value. Let β ≫σ 1 the amount to be added to the estimated singular values after each estimation process to estimate the following one. Then, to estimate the second smallest singular value, the new matrix to be used is defined as
Then, the second estimating process is found from the application of the new updated matrix
The overall algorithm steps for the estimation of all singular values and the corresponding singular vectors are resumed in the algorithm (2). Jacobian matrix. In this case, the estimation convergence time takes longer than in the square matrix case.
IV. NUMERICAL IMPLEMENTATION ASPECTS
For any real hand applications, ensuring a fast algorithm of the inverse kinematics able to react in real time is a crucial issue for the success of these applications. Therefore, this section presents a numerical analysis of the original and reduced SDLS using the estimated SVD to show the potential benefit of the proposed approach. The Shadow Dextrous Hand [15] was chosen as the robot for the performance analysis and the experimental platform. See figure 2(a) for the kinematics structure of the hand, with 24-DOF overall (2-DOF wrist, 5-DOF thumb, 4-DOF per finger, and one extra joint on the little finger that mimics palm flexure). In this section, the algorithms are run on the index finger of the Shadow Hand, while the results obtained when implemented on all fingers of the hand are described in section V. The 6-DOF kinematic chain of the index finger is colored in red in figure 2(a) . For the first experiment, the index finger points towards an unreachable position, creating a singularity configuration (see Fig. 2(b) ). Here, the task-space is limited to target position x ∈ R 3 and according to the kinematic choice, θ ∈ R 6 . The resulting Jacobian matrix is J(3 × 6) exhibiting a redundant case. Our experiments include the joint limits avoidance task, considered as secondary task, by the usual technique of the projection into the null-space of the Jacobian matrix. The addition of this task allows us to extend the Jacobian matrix obtaining a square matrix which is required for a good working of the proposed algorithm. In addition to this, a square matrix leads to the unique solution. If ψ(θ) denotes the objective function to be added defined as
where θ iM and θ im are the maximum and the minimum joint limits, respectively, and θ i is the middle value of the joint range. Thus, the extended Jacobian matrix is defined as
where J ext (n×n) is the extended Jacobian matrix and N e is a full rank (n×r) matrix whose columns span the r-dimensional null-space of J. The impact of the number of iterations k (in algorithm 1) SDLS approach using the SVD estimation for k=3 (g) SDLS approach using the SVD estimation for k=3 (h) Fig. 3 . SDLS approach results using the original and the estimated SVD for several values of k on the estimation algorithm convergence can be observed by comparing the results of the inverse kinematics generated by SDLS approach using the original and the estimated SVD when the index fingertip points towards an unreachable goal (see Fig. 3 ). The obtained results of the basic SDLS scheme using the original SVD are shown in Fig. 3(a) and Fig. 3(b) . It can be seen that, despite the singularity configuration, this approach exhibits a stable tracking after 12 iterations. Here, the increment δx has been interpolated in the fingertip coordinates using linear segments which are clamped by δx < 3.5 mm.
The same experiments were repeated with the estimated SVD for various values of k. For k = 1, the algorithm requires higher number of iterations to reach the desired posture, whereas less iterations are required when k = 2 ( Fig. 3(e) and Fig. 3(f) ). For k = 3, the SDLS scheme based on SVD estimation leads to similar results as the original version in terms of accuracy with the same number of iterations (see Fig. 3(g) and Fig. 3(h) ). Furthermore, the resulting joint angles are smoother than the original version which shows a strong change at iteration 11. For k ≥ 4, the obtained results have the same accuracy characteristics but, obviously, take more computation time in comparison to the case of k = 3.
In this example, because the objective is the evaluation of the impact of the number of iterations k, all singular values were estimated in our proposed method, but in a real implementation only those values below a given threshold are taken into account, and therefore leading to a larger reduction in the number of operations. The overall solution, in our proposed method, will be computed using the Cholesky decomposition. Thus, the proposed reduced SDLS scheme does not involve at any time the original SVD computation.
Algorithm 3
Reduced SDLS using the estimated SVD Input: J, δx, γ max 1: H ← JJ 
During the simulation experiments, we observed that the damping condition M i > N i takes place in the neighborhood of the singularity configurations for at least the smallest singular value and at most the two following smallest singular values also. Then at any configuration, the total number of singular value which should be damped are less or equal than three. To compute the overall computation operations required for the reduced SDLS scheme, the extreme case with three damping factors has been adopted. The comparative study between the original and the reduced SDLS scheme focuses only the changed parts, since both methods share several procedures. The number of floating operations of a procedure, denoted by flops, is the operational cost that can be used in the evaluation. For the original SDLS, the singular value decomposition procedure requires 4283 flops. Calculation of the magnitudes N and M for all singular values require 199 and 296 flops, respectively. The total number of operations used to compute and clamp the joint angle is 176 flops. Then the total amount of computation required is 4954. For the reduced SDLS, the symmetric matrix JJ T is used in several moments which takes 432 flops. The estimation of one singular value and its corresponding singular vector as defined in the algorithm 1 requires 192 flops, however, as it is justified through Fig. 3 , this algorithm must be run 3 times to achieve a good accuracy. The estimation of the output singular vector and the new update of the matrix defined in line 10 of algorithm 2 require 79 and 72 flops, respectively. The two last operations in the proposed algorithm defined in the lines 15 and 16 of the algorithm 3 require 161 and 72 flops. The total flops required to execute the overall algorithm depends on the number of times for which the damping condition could be confirmed. In table I the improvement in percentage of the number of operations between the original and the reduced SDLS scheme is represented in proportion to the number of estimated singular values. When this number is equal to zero, the robot is far from a singularity, and we can reduce the total computation cost of the original method by 86.58%. Obviously, this percentage lowers when the number of estimated singular values increases, but in any case the cost of the proposed method is less than the original. . As mentioned above, this hand is considered as single multibody mechanical system with five end-effectors representing the fingertips. All joints hand move simultaneously and they share two wrist joints considered as the base of the hand (see Fig. 2(a) ). Once again, the task-space is limited to deal only with the position, which leads to a redundant Jacobian matrix J(15×24).Here, the extended Jacobian matrix J ext (24×24) is obtained concatenating J with the Jacobian of the additional task Fig. 4(a) and Fig. 4(b) represent the initial and the final posture after reaching the goal positions situated at a simulated spherical object using the original SDLS. The different joint angle trajectories shown in Fig. 4(c) illustrate that all joints evolve in their defined ranges which demonstrate the good contribution of the secondary task in the inverse kinematics task. Fig. 4(d) shows that all fingertips reach the goal positions at the same time (63 th iteration). To improve the value of k, the same above experimental test has been simulated using the SVD estimation algorithm repeated k times. As we can see in Fig. 5(a) and Fig. 5(b) , for k = 3 and k = 5, respectively, the estimation algorithm requires more iterations until convergence than the original case. However, for k = 7 the estimation algorithm leads to similar results as the original version in terms convergence with the same number of iterations (see Fig. 5(c) and Fig. 5(d) ). Similar to the previous discussion, in order to compute the total operations number, we adopt the extreme case leading to the maximum number of operations. In the case of all hand joints, the maximum number of singular values required to accomplish the damping was found to be 11. The provided results in term of percentage of reduced number of operations are shown in Table II . The proposed algorithm has been integrated and tested on the real robot. The Extended SDLS algorithm and motion trajectories are designed in the MATLAB environment. The generated joint angle trajectories are transmitted to the real hand by means of the ROS (Robot Operating System) framework, and the measured joint angles are fed back into MATLAB for closed-loop control. As an example of grasping and in-hand manipulation, we present a circular motion to turn a cylindrical knob. The sequences of this motion are split into two phases; the grasping (first row of Fig. 6 ) and the Fig. 6 . Experiment application of ESDLS approach performing circular motion for cylindrical knob circular motion generation (second row of Fig. 6 ). The knob object is placed far from the palm to make both fingers close to their singularity configuration, in which some joint angles evolve near their physical limits. Despite this critical situation, the algorithms generate the correct trajectory and the hand achieves smooth and accurate motions.
VI. CONCLUSION
Our ESDLS approach has achieved a substantial reduction in terms the number of operations over the original SDLS. The method therefore solves the inverse kinematics problem of a whole robotic hand and generates synchronized trajectories for all hand fingertips. In addition to robust handling of singularities, this new version is also capable of dealing with joint limits avoidance of the whole hand when calculating the IK solution. Unlike the original SDLS approach which requires the calculation of all singular values, the proposed method estimates only those singular values leading to singularity and their corresponding singular vectors without computing all singular values. The estimation algorithm is applied to the full Jacobian matrix without considering the damping effect. Our estimation algorithm is valid for the calculation of the singular values of any matrix and not only in the context of inverse kinematics. The overall solution of the inverse kinematics is computed using the Cholesky decomposition procedure of the modified damped least squares matrix assuming that the damping factor is equal to zero. In summary, the proposed approach provides several advantages such as a substantially reduced number of operations, the efficient calculation of the IK for complex multi-body robot systems such as multifingered hand while dealing with both singularities and joints limits for the whole system. The simulation results as well as the real application on a real robotic hand demonstrate the efficiency of the proposed algorithm.
